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Abstract—The problem of heat transfer for a Bingham plastic in laminar tube flow is studied with axial

conduction both excluded and included. It is demonstrated that the assumption of ignoring axial conduction

for Peclet numbers greater than 100 is erroneous, especially near the start of the heated zone of the pipe.

A new technique, based on the Sturm-~Liouville theory, is introduced to solve these problems. In contrast

to other techniques previously published, it requires only simple eigenvalues and eigenfunctions and is

easily generalized to include the effects of axial conduction—a difficult proposition for semi-analytic
methods.

1. INTRODUCTION

A BingHAM fluid is a substance which exhibits a yield
stress 7, that must be overcome before it will flow.
Examples of such fluids are drilling mud, paint and
grease. When these materials flow in a pipe, there may
be a central region which moves as a solid (plug flow)
but near the wall the usual parabolic velocity profile
of a Newtonian fluid is observed.

This paper studies the heat transfer properties of
the above fluids where axial conduction is first
excluded and later included. The solution technique
used is that proposed previously by Do [1] and John-
ston and Do [2] based on the Sturm-Liouville integral
transform theory and has the advantage over other
solution methods suggested [3] that it requires only
simple eigenvalues and eigenfunctions. Further, it is
a simple matter to include the effects of axial conduc-
tion, the main purpose of this article.

Section 2 describes the dimensionless governing
equation of heat transfer in a Bingham fluid with
axial conduction included and Section 3 develops the
solution where axial conduction is ignored. Section 4
reproduces the solutions of ref. [3] and looks at the
number of terms required for a solution. The effects
of axial conduction are included in the solution
described in Section 5. Finally, the equations are
solved for various Peclet numbers Pe and the results
are considered in light of the assumption that axial
conduction can be ignored for Pe > 100 [3].

2. GOVERNING EQUATIONS
The stress induced velocity gradient for a Bingham
plastic in pipe flow is of the form [4]

aU 0 fort <1,

— = 1 1
dr —E(T—‘Ey) fort > 1, o

where U is the axial velocity component, r the radial
coordinate, t the local shear stress, 1, the yield stress
and # the Bingham viscosity. For constant properties,
the dimensionless velocity profile can be expressed as

2(1—c¢)?
1 4+c4 (=u) O0<ysc
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where c¢ is the ratio of the yield stress to wall shear
stress (1,/7.). Note that ¢ =1 corresponds to plug
flow (U = U,,,) and ¢ = 0 corresponds to laminar
flow.

If viscous dissipation is ignored, the steady flow
constant property form of the energy equation is

ot 10/f oty 0%
pCpU(r)a=k|:E (’37‘(’5)4_5?] (3)
The boundary conditions required to completely
specify the problem are

%(x, 0)=0 (4a)
tx,R) =1, (4b)
10,r) =1, (4c)
(0, r) = ¢, (4d)

where it has been assumed that the fluid eventually
attains the wall temperature. These equations and
boundary conditions can be expressed in dimen-
sionless form as

u(y)o6 10 ( 08
2z yay\Vey
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¢ ratio of yield stress to wall stress, 7,/1,,

c specific heat at constant pressure

p

Jo, J; Bessel functions

k thermal conductivity

K. (¢, y) eigenfunction

N number of terms required for
convergence

Nu, local Nusselt number

average value of Nu, between entrance
and axial position x

Pe Peclet number, 2U,, R/x

r radial coordinate

R radius of pipe

t(x,r) temperature

t, bulk fluid temperature
t entrance temperature
Ly wall temperature

U(ry axial velocity

U,, average axial velocity

NOMENCLATURE

U,.. maximum axial velocity
U/v,,

axial coordinate
dimensionless radius, 7/R

dimensionless axial coordinate, (x/R)/Pe.

ot e =

Greek symbols

o thermal diffusivity

n Bingham viscosity

0 dimensionless temperature,
(tw - I(X, r))/(tw - te)

0, dimensionless bulk fluid temperature,
(tw - tb)/(tw - tc)

¢, eigenvalue

P fluid density

T local shear stress
Ty wall shear stress
T yield shear stress.

gz (z.0)=0 (6a)
0z, 1)=0 (6b)
08(0,») =1 (7a)
0(oc,y) = 0. (7b)

Equation (5) has been solved elsewhere [3, 5] where
axial conduction was neglected. The approach used
was a classical separation of variables technique lead-
ing to a Sturm-Liouville eigenvalue problem. The
drawback associated with this approach is that the
eigenproblem must be solved numerically to obtain
the eigenvalues and eigenfunctions. This paper, using
the approach already successfully used by Do [1] and
Johnston and Do [2], solves equation (5) by exploiting
the eigenproblem which arises from the physical
geometry of the situation (in this case a pipe). The
resulting eigenvalues and eigenfunctions are in terms
of Bessel functions. It will be demonstrated that this
approach is easily implemented and that including
finite Peclet numbers is a minor extension. The paper
also shows that non-smooth velocity profiles can be
handled by this technique.

3. SOLUTION METHOD

Consider the situation where axial conduction is
ignored, that is large Pe. The governing equation
becomes

2 0 1 ¢ a0
u(y) 90 _ o( ) ®

2 6z ya\loy

subject to radial boundary conditions (6) and axial

initial condition (7a). From the second-order radial
differential operator

and its associated homogeneous boundary conditions
(6) define the eigenproblem

L () ve =0 ©)
dK,
s 0)=20 (10a)
K,(1)y=0. (10b)
The solution for this eigenproblem is
K, (y) = Jo(Sup) (in

where the eigenvalues are the solutions of the tran-
scendental equation

Jo(&,) = 0.

Next, define a finite Sturm-Liouville integral trans-
form for the kernel X,

(12)

<0,K,> = J; y0(z, ) K, (y) dy (13)
and its inverse
< K.
0= Lk, K5 K 14

Since the eigenproblem is based only on the radial
differential operator, substituting this series rep-
resentation of 4 into the left-hand side of equation (8)
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results in

18] & u(»K,(») 1 o a6

20 LZ, &Ky C =55 08) O
Application of the integral transform (13) to this equa-
tion, gives

1d
2 dz|:z

which in turn can be expressed in matrix form by
defining the following vectors and matrices :

= {<0.K,}

_ 1<u(y)1<n,1<>}
T2 KK
= {&28um)

MK, (), K. (y)>
<Kll b Kn>

<8, Kn>]

as
00
A~ = -D®. 17

Equation (17) is a system of first-order linear
differential equations with initial conditions obtained
by applying the integral transform (13) to equation
(7a), i.e.

z=0, @=0, (18)
where @, = {1, K,,>}. The solution of equation (17)
is

0 =0,c" " (19)

Finally, given @, the inverse, 6, is evaluated from
equation (14) or can be expressed in vector form as

=10 (20)
where
K.(y)
f= {"—<K,,,K,,>}' 2n

Other quantities of interest, the bulk fluid tem-
perature 8, and local and average Nusselt numbers,
Nu, and Nu,,, respectively, are readily determined

1
b, = 2L yu(y)8 dy

ki 0,K,
=23 <<1<n, K>>f (K, dy  (22)
Nu, = 2 99 (z 1)
~ 3 > (0,K) dK,
=0, 2 KK dy |,y P
N 1 1 !
tn =510 {5} (24)
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Two points should be emphasized at this stage.
First consider the evaliation of {(u(y)X,, K,,». The
definition of the integral transform implies that

1
<“()’)Km Km> = J; “(J’)Jo(fnY)Jo(fm}’) dy (25)

where equation (11) has been employed. This inte-
gral must be evaluated in two parts due to the non-
smooth velocity profile, that is

<u(y)Kn7Km> = J; ul(}’)Jo(fn)’)Jo(fmJ’) dy

+J Uy (Mo (E 1) o(Emy) dy.  (26)

This presents no major difficulties and a detailed
evaluation of all integrals is included in the appendix.

The second point deals with the size of the system
of linear equations (19). So far all matrices and vectors
have been assumed infinite in dimension but for obvi-
ous practicalities this cannot be the case. Since the
diagonal elements, a,,, of A are greater than the off
diagonal elements (a trend which is accentuated as n
increases), equation (19) can be approximated by a
finite system of size N (i.e. A is diagonally dominant
for n > N). Hence these matrices and vectors can be
expressed as

®= {<O,K1>,<0,K2>,...,

LK Ky
A—{a,,,,, _EW’ nm= 1,2,...,N

D= {fr%nanm;nam= 1,2,...,N}
@0={<]’Kn>;n=l,2 ..... N}T

<09 KN>}T

Equation (19) now gives the solution for the N-dimen-
sional vector @.

To find <0,K,>(n=N+1,N+2,...,00), the diag-
onal dominance of A is exploited. Hence equation
(16) can be approximated by

1 d | w(nK.(), K.(»)>
2dz (K,.K,>

<07 Kn>:| = - 63<9’ Kn>
27

forn=N+1,N+2,...
equation (27) is

z2=0;<{0,K)>=<{,K>

, o0. The initial condition for

and so, the solution of equation (27) is

122,

b,K,>=(1,K e * (28)
forn=N+1,N+2,...,0
For a given N, {(,K,) for n=1,2,...,N are

obtained from equation (19) and <6,K,> for
n=N+1,N+2,...arecalculated from equation (28)
until the infinite series (14) has converged. To choose
the final value of N, equations (19) and (28) are solved
in this manner with increasing N until two con-
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secutive values of 8, Nu, or Nu,, are arbitrarily close.
Typically, N of the order of 30 gives accurate results
for most values of z. A detailed discussion of this is
given in the next section.

When ¢ = 1, the sccond integral in equation (26)
reduces to 0 and therefore

0 m#n
WK Ky =3,
giving the usual infinite series for plug flow. Hence,
any value of N will yield an exact answer.

4, SOLUTION WITHOUT AXIAL CONDUCTION

To demonstrate this method it was decided to first
repeat the calculations of Blackwell [3] and indicate
the number of terms required to obtain a relative
convergence of 0.0001% . The case of plug flow (¢ = 1)
degenerates to a simple infinite series solution requir-
ing no matrix manipulation.

Tables 1-6 give the values of Nu,, Nu, and 8, for
six values of ¢. The most interesting observation from
these tables concerns the number of terms required
for solution, N. For all values of ¢, as z increases
N decreases, as would be expected, except that, for
z> 0.1, N is the same for a given value of c¢. The
behaviour of N as ¢ increases changes with the value
of z. For large values of z, the number of terms is
almost constant but with a slight increase with increas-
ing ¢. This trend is accentuated as z decreases to
0.0001. For z = 0.0001, the tendency is reversed.

5. AXIAL CONDUCTION

When axial conduction is included equation (5) is
solved in full, subject to boundary conditions (6) and
(7). A series solution of the form (4) is again assumed
with the same kernel and eigenvalues. Substitution of
this series into equation (5) and application of the

Table 1. Heat transfer results for flow of a Bingham plastic:
¢ = 1.0 (plug flow)

z Nu, Nu,, a, N
0.0001 81.365 [61.154 0.96828 —
0.0002 58.008 114.415 0.95527 —
0.0004 41.502 81.376 0.93697 ——
0.0010 26.876 52.074 0.90109 —
0.0020 19.531 37.322 0.86132 —
0.0040 14.372 26.914 0.80629 —
0.0100 9.884 17.731 0.70144 —
0.0200 7.744 13.174 0.59040 —
0.0400 6.437 10.063 0.44708 —
0.1000 5.817 7.620 0.21785 —
0.2000 5.783 6.705 0.06843 —
0.4000 5.783 6.244 0.00677 —
1.0000 5.783 5.968 0.00001 —
2.0000 5.783 5.875 0.00000 —
4.0000 5.783 5.829 0.00000 —

10.0000 5.783 5.802 0.00000
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Table 2. Heat transfer results for flow of a Bingham plastic:

¢=0.8
z Nu, Nu,, , N

0.0001 39.923 60.566 0.98797 119
0.0002 31.451 47.798 0.98107 94
0.0004 24.775 37.699 0.97030 80
0.0010 18.080 27.527 0.94644 65
0.0020 14.272 21.702 0.91686 55
0.0040 11.300 17.126 0.87196 45
0.0100 8.367 12.567 0.77776 35
0.0200 6.777 10.002 0.67026 33
0.0400 5.704 8.068 0.52442 24
0.1000 5.112 6.400 0.27802 23
0.2000 5.067 5.738 0.10074 23
0.4000 5.066 5.402 0.01328 23
1.0000 5.066 5.200 0.00003 23
2.0000 5.066 5.133 0.00000 23
4.0000 5.066 5.099 0.00000 23
10.0000 5.066 5.079 0.00000 10

integral transform (13) yields the second-order differ-
ential equation

1d [ < UKD, Kn(3)

2dz (K. K)> <@, K">]

n=1

I d%0,K,)
. r2 L n
=~ 0K+ 5 g

29)

which can be expressed in terms of previously defined
vectors and matrices as

%?:P%)-Q%—DO (30$)

with boundary conditions
z=0; @=0, (31a)
z—w; 00 (31b)

Again A is diagonally dominant and so equation (30)

Table 3. Heat transfer results for flow of a Bingham plastic:

c=0.6

z Nu, Nu,, 0, N
0.0001 33.313 50.483 0.98996 98
0.0002 26.262 39.863 0.98419 83
0.0004 20.704 31.464 0.97515 70
0.0010 15.134 22.996 0.95505 57
0.0020 11.973 18.151 0.92997 48
0.0040 9.521 14.351 0.89154 40
0.0100 7.150 10.590 0.80912 32
0.0200 5.892 8.502 0.71172 27
0.0400 5.038 6.942 0.57385 22
0.1000 4.539 5.592 0.32679 18
0.2000 4.494 5.048 0.13275 18
0.4000 4.494 4,771 0.02200 I8
1.0000 4.494 4.604 0.00010 18
2.0000 4.494 4.549 0.00000 18
4.0000 4.494 4.521 0.00000 18
10.0000 4.494 4.504 0.00000 12
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Table 4. Heat transfer results for flow of a Bingham plastic:
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Table 6. Heat transfer results for flow of a Bingham plastic:

c=04 ¢ = 0.0 (laminar flow)

z Nu, Nu,, 0, N z Nu, Nug, 0, N
0.0001 30.525 46.250 0.99080 96 0.0001 28.256 42.813 0.99148 92
0.0002 24.062 36.523 0.98550 78 0.0002 22.273 33.811 0.98657 76
0.0004 18.972 28.824 097721 65 0.0004 17.556 26.681 0.97888 62
0.0010 13.861 21.064 0.95875 53 0.0010 12.825 19.499 0.96176 50
0.0020 10.957 16.623 0.93567 45 0.0020 10.131 15.382 0.94033 42
0.0040 8.703 13.137 0.90024 38 0.0040 8.037 12.150 0.90737 35
0.0100 6.521 9.683 0.82394 30 0.0100 6.002 8.942 0.83623 28
0.0200 5.365 7.763 0.73306 26 0.0200 4916 7.155 0.75112 24
0.0400 4.585 6.331 0.60261 22 0.0400 4.173 5.812 0.62805 20
0.1000 4.126 5.093 0.36107 18 0.1000 3.710 4.640 0.39532 17
0.2000 4.082 4.593 0.15929 18 0.2000 3.658 4.156 0.18972 17
0.4000 4.081 4.337 0.03114 15 0.4000 3.657 3.906 0.04394 17
1.0000 4.081 4.183 0.00023 15 1.0000 3.657 3.757 0.00055 17
2.0000 4.081 4.132 0.00000 15 2.0000 3.657 3.707 0.00000 17
4.0000 4.081 4.106 0.00000 15 4.0000 3.657 3.682 0.00000 17

10.0000 4.081 4.091 0.00000 15 10.0000 3.657 3.667 0.00000 17
can be approximated by a finite N x N system of 0 : I
second-order differential equations which can be E= 35)
reduced to a first-order system (of size 2N x2N) b
y ( ) by Pe*D Pe’ A

defining

d®
i b 4 32)
and
(0]
Q= (33)
b 4
The result is
dQ
i EQ (34)

where

Table 5. Heat transfer results for flow of a Bingham plastic:

c=02

z Nu, Nu,, B, N
0.0001 29.074 44.051 0.99123 94
0.0002 22917 34.786 0.98619 76
0.0004 18.063 27.452 0.97828 63
0.0010 13.194 20.062 0.96067 51
0.0020 10.427 15.829 0.93865 43
0.0040 8.275 12.504 0.90481 36
0.0100 6.187 9.207 0.83182 29
0.0200 5.076 7.372 0.74463 24
0.0400 4.319 5.998 0.61887 20
0.1000 3.861 4.803 0.38269 18
0.2000 3.814 4314 0.17808 17
0.4000 3.813 4.063 0.03875 17
1.0000 3.813 3913 0.00040 17
2.0000 3.813 3.863 0.00000 17
4.0000 3.813 3.838 0.00000 17
10.0000 3.813 3.823 0.00000 17

Equation (34} is solved by obtaining the eigenvalues
o, and eigenvectors v, of the matrix E, giving a solution

Q of the form

N
Q=) Byv e~ (36)
i=1

where the coefficients §; are to be determined from
boundary conditions (31). For positive eigenvalues,
the corresponding §, must be zero to satisfy boundary
condition (31b). The remaining f; are determined

from boundary condition (31a) and so £ can be ex-
pressed as

0 S
b 4 T
where g is defined as
g = {e*, o, < 0}. (38)

Hence the first N terms in the infinite series solution
are given by
® =Sg. (39

The remaining terms are obtained by solving the
differential equation

awm d<0,K,) 1 d%6,K,
2 & re & 0K ()
subject to the boundary conditions

Z=0, <05Kn> = <1,Kn>
z—;<6,K,>—0.

(41a)
(41b)
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Finally, this gives
O.K,> =LK

P’2 — Pe //P2 2 ]6:3
<exp ([ P PP 4165 )] ) @

and so 60, d,, Nu, and Nu, can be determined as
described previously.

6. SOLUTION WITH AXIAL CONDUCTION

The aim of this paper is to demonstrate the validity,
or otherwise, of the assumption that axial conduction
can be ignored for values of Pe > 100 [3].

The method of the previous section was applied for
Pe = 10, 100 and 1000 over the z range 0.001 to 10
and for ¢ = 0, 0.2, 0.4, 0.6 and 0.8. Figure 1 shows a
typical plot of Nu, vs z for ¢ = 0. (Plots for other
values of ¢ are similar.) Clearly, as Pe increases the
curves approach that of the solution for infinite Pe
obtained in Section 4. With Pe = 1000, the curves are
coincident. As z increases, curves for lower values of
Pe converge to the curve for infinite Pe. The difference
between the curves for Pe = 100 and infinite Pe at
z = 0.001 is about 30 % . This could lead to substantial
errofrs.

A plot of Nu,, vs z for ¢ = 0.2 (Fig. 2) again shows
that Pe = 1000 is an adequate threshold for ignoring
axial conduction. Comparing Nu, curves for
Pe = 100 and infinite Pe shows about a 20% differ-
ence at z = 0.001, but this approaches zero as z
increases. Also, as c¢— 1, the error decreases.
However, for Pe = 10 the difference does not decrease
to zero with increasing z, as with the Nu, curves.

Figure 3 is a plot of 8, vs z for ¢ = 0.4 (this is
representative of all values of ¢). Again, when
Pe = 1000 the solution curve is identical to that
obtained when axial conduction is ignored. There is a
difference between the curves for Pe = 100 and infinite
Pe at small values of z. The differences are accentuated
when considering the curve for Pe = 10 and they exist

© Infinite Pe
100 0 Pe=1000

a ® Peat00
[«F] W Pgat0
=]

E

3
p-4
=

[}]

172}

w0

=

P

'g 10

Q

—

.01 1 1 10

Dimensionless Axial Distance (x/R)/Pe

FiG. 1. Local Nusselt number vs dimensionless axial distance
(¢ = 0.0).
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o infinite Pe
0 Pee1000
* P=100
mPa=10

Average Nusselt Number

01 K] 1 10
Dimensionless Axial Distance (x/R)/Pe

F1G. 2. Average Nusselt number vs dimensionless axial dis-
tance (¢ = 0.2).

for all but large values of z. Again the only safe choice
for ignoring axial conduction is when Pe > 1000.

These figures show that a valid threshold for ig-
noring axial conduction is Pe = 1000. Differences do
exist for lower values of Pe at small values of z. In
fact, potentially dangerous errors could result if axial
conduction is ignored when Pe is of the order of 100,
especially at small z.

The result of retaining Pe constant (=10) and
allowing ¢ to vary in a Nu, vs z plot is shown in Fig.
4. For small values of z, Nu, covers only a narrow
range which spreads as z increases. As Pe increases
the range of Nu, values grows for small z [3].

Figure S is a plot of Nu,, vs z for Pe = 100. As Pe
increases the ranges of values of Nu, decreases at
small values of z and spreads with decreasing Pe.
Figure 6 is a plot of 8, vs z for Pe = 10. This is typical
for all values of Pe.

Finally, Tables 7-9 give the number of terms, N,
required to obtain convergence as described pre-
viously for Pe = 10, 100 and 1000. As Pe decreases,
the number of terms required to obtain convergence
increases, especially for small values of z. At larger
values of z, N is independent of Pe, and is always
nearly independent of c.

1
9 ‘\'\ © Infinite Pe
o @ Pe=1000
= ® Pe=100
2 8 »Pe=10
o
> 7
a
= 6
0)
Lt 5
R
>3 4
.
x 3
3
m 2
1
0 01 A 1 10

Dimensionless Axial Distance (x/R)/Pe

Fi1G. 3. Buik fluid temperature vs dimensionless axial distance
(¢ = 0.4).
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100 om0 Table 7. Number of terms required for convergence : Pe = 10
5 vebhs
g wc=06 ¢
§ fo-os z 0.0 0.2 0.4 0.6 0.8
S 0.001 141 141 142 142 147
2 0.002 99 99 99 98 103
=2 0.004 63 63 63 64 66
B 10 0.010 36 36 37 38 42
S 0.020 27 27 28 29 33
0.040 21 22 22 23 25
0.100 18 17 18 18 23
0.200 16 17 18 18 23
.01 N 1 10 0.400 17 17 15 17 23
Dimensioniess Axial Distance (x/R)/Pe 1.000 16 17 16 18 23
F16. 4. Local Nusselt number vs dimensionless axial distance iggg ig }; }g ig %g
(Pe = 10). 10.000 16 17 16 18 23
Table 8. Number of terms required for convergence:
Pe =100
3 )
3 z 0.0 0.2 04 0.6 0.8
z
3 0.001 53 53 55 58 64
3 0.002 41 42 43 45 52
3 0.004 34 35 25 37 44
o 0.010 26 26 27 29 34
© 0.020 23 22 24 27 26
g 0.040 19 19 21 22 24
< 0.100 18 18 18 18 23
=Y 0.200 17 17 18 18 23
5 X ] To 0.400 17 17 18 18 23
Dimensioniess Axial Distance (x/R)/Pe ég% }; i; }S ig %g
FIG. 5. Average Nusselt number vs dimensionless axial dis- 4.000 17 17 18 18 23
tance (Pe = 100). 10.000 17 17 18 18 23
Table 9. Number of teims required for convergence:
1 Pe = 1000
cc¢c=00
9 Dc=0.2
ec=04 <
S =8 8o-08 z 0.0 0.2 0.4 0.6 0.8
45 7 Ac=1.0
g . 0.001 45 45 47 50 57
I 0.002 37 38 40 42 48
=8 0.004 31 32 33 36 43
2 a4 0.010 25 26 27 29 34
L 3 0.020 23 22 25 27 32
= 0.040 20 20 22 22 24
a ? 0.100 17 18 18 18 23
A 0.200 16 17 18 18 23
0 -~ 0.400 16 17 18 18 23
01 A ! 0 1.000 16 17 18 18 23
Dimensionless Axial Distance (x/R)/Pe 2.000 16 17 18 18 23
. . L 4.000 16 17 18 18 23
FIG. 6. Bulk fluid temperature vs dimensionless axial distance 10.000 16 17 18 18 23

(Pe = 10).
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7. CONCLUSION

This paper has presented a method based on Sturm—
Liouville integral transforms to solve the equation
for heat transfer in a Bingham fluid where axial con-
duction has been both excluded and included. The
advantage of the method presented is that only simple
eigenvalues and eigenfunctions are required and there
is no need to solve the associated eigenproblem
numerically as with other methods. The effectiveness
of this technique for dealing with velocity profiles
which are nonsmooth has also been demonstrated.

It has also been shown that in order to ignore axial
conduction the Peclet number, Pe, must be greater
than 1000. This is especially true for small values of z
(in this case down to z = 0.001). Axial conduction can
also be ignored when Pe = 100, but only when z is
greater than 0.01. In fact, it could be postulated that
axial conduction can be ignored when the axial pos-
itions of interest are greater than the inverse of the
Peclet number. Ignoring this rule of thumb can lead
to 20-30% differences in local and average Nusselt
numbers over an order of magnitude change in axial
position.
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APPENDIX. EVALUATION OF INTEGRALS

To evaluate (uK,, K,,, integrals involving powers of

and combinations of Bessel functions must be evaluated [6]

¢ e (L)

f Po(&ny) dy = =120
Sn

0

(Al)

P. R. JOHNSTON

1
1
J »ol,p) dy = (J1(&n) —J 1 (S40)) (A2)
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CONDUCTION AXIALE ET PROBLEME DE GRAETZ POUR UN FLUIDE DE
BINGHAM EN ECOULEMENT LAMINAIRE DANS UN TUBE

Résaumé—Le probléme du transfert thermique pour un fluide de Bingham en écoulement laminaire dans
un tube est €tudi¢ avec conduction axiale soit négligée, soit prise en compte. On montre que 'hypothése
de conduction axiale négligée pour les nombres de Péclet supérieurs a 100 est erronée, particuliérement
prés du début de la zone chauffée du tube. Une technique nouvelle, basée sur la théorie de Sturm-Liouville,
est introduite pour résoudre ces problémes. Contrairement 4 d’autres techniques déja publiées, elle demande
simplement les valeurs propres et les fonctions propres et elle est facilement généralisable pour inclure les
effets de la conduction axiale, ce qui est une affaire difficile pour beaucoup de méthodes semi-analytiques.



Axial conduction and the Graetz problem for a Bingham plastic in laminar tube flow

AXIALE WARMELEITUNG UND DAS GRAETZ-PROBLEM IN EINEM
BINGHAM-MEDIUM BEI LAMINARER ROHRSTROMUNG

Zusammenfassung—Der Wirmeiibergang in einem Bingham-Medium bei laminarer Rohrstromung wird
mit und ohne Beriicksichtigung der Lingswirmeleitung untersucht. Es wird gezeigt, dall die Vernach-
liassigung der Liangswirmeleitung fiir Peclet-Zahlen groBer als 100 zu Fehlern fihrt—insbesondere zu
Beginn der beheizten Zone im Rohr. Es wird ein neues Verfahren zur Losung dieser Probleme auf der
Grundlage der Sturm-Liouville-Theorie vorgestellt. Im Gegensatz zu anderen bereits veréffentlichten
Verfahren werden nur einfache Eigenwerte und Eigenfunktionen benétigt. Es 1dBt sich leicht zur Beriick-
sichtigung der Lingswirmelcitung verallgemeinern—dies ist cin schwieriges Problem fiir einige halb-
analytische Verfahren.

AKCHAJIBHAS TEMJIONPOBOAHOCTD U 3AAYA TPETLIA IS TJIACTUYECKOH
CPEJIbl BUHTAMA TIPU JIAMUHAPHOM TEYEHHWH IO TPYBAM

Anmorams—Vccneayercs 3ajaya TeIIONEpeHoca JUIA IIacTHYeckoi Tpy6sl BuHrama npu 1aMuHapHOM
Te4eHNN 1o Tpy6aM Kak ¢ y4eToMm, Tak u Ge3 yuera KOHAYKTHBHOTO aKCHAJIBHOro TerionepeHoca. [Toka-
3aHO, YTO TpeHeGPeKEHUE AKCHANLHON TEIUTONPOBOLHOCTBIO B Cliydae 3HaueHmi ucen Ilekne, npessl-
marommx 100, sBIAETCA OMIHGOYHEIM, OCOGEHHO Yy HAa¥asna HArpeToro ysactka TpyOul. [ns peiuenus
HCCNElyeMBIX 3334 HCTIONb3YETCA HOBas METOANKa Ha ocHOBe Teopuu IlITypma-Jluysuns. B oTanune
OT paHee NPEaJIOKEHHBIX, JaHHBIA METOX TPebyeT TOJIBKO MPOCTHIX COGCTBERHBIX 3HaYEHRH U cOBCTBEH-
HEIX QyHKIHH B Terko obobumaercs Ha ciaydail yyeTa 3((eKTOB akCHANbHON TEIUIONPOBOIHOCTH, 4TO
peacTaBJiseT TPYAHOCT JUIS HEKOTOPBIX MOJTyaHaJHTHYECKHX METOIOB.



